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ABSTRACT

Heavy-duty land-based gas turbines are often designed with can-annular combustors, which consist of
a set of identical cans, acoustically connected on the upstream side via the compressor plenum, and, down-
stream, with a small annular gap located at the transition with the first turbine stage. The modeling of
this cross-talk area is crucial to predict the thermo-acoustic modes of the system. Thanks to the discrete
rotational symmetry, Bloch wave theory can be exploited to reduce the system to a longitudinal combustor
with a complex-valued equivalent outlet reflection coefficient, which models the annular gap. The present
study reviews existing low-order models based purely on geometrical parameters and compares them to 2D
Helmholtz simulations. We demonstrate that the modeling of the gap as a thin annulus is not suited for
can-annular combustors and that the Rayleigh conductivity model only gives qualitative agreement. We then
propose an extension for the equivalent reflection coefficient that accounts not only for geometrical but also
flow parameters, by means of a characteristic length. The proposed model is in excellent agreement with
2D simulations and is able to correctly capture the eigenfrequencies of the system. We then perform a De-
sign of Experiments study that allows us to explore various configurations and build correlations for the

characteristic length. Finally, we discuss the validity limits of the proposed low-order modeling approach.

NOMENCLATURE

c[ms™1] Speed of sound

f,g [ms™1] Characteristic wave amplitudes
H [m] Width of the can

He [-] Helmholtz number, kL

k radm~!] Wave number

Kpg [m] Rayleigh conductivity

L [m] Length of the can

L, [m] Width of the annular gap

Lchar, m [m] Characteristic length

L* [—] Aspectratio of the can, L/H

L3 [-] Coupling strength, L,/H

Liar. m [-] Dimensionless characteristic length, Lcpar, m/H
m [—] Bloch wave number

N [-] Number of cans
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p’ [Pa] Acoustic pressure

R [—] Equivalent reflection coefficient

v’ [ms™1] Acoustic velocity

¢ [m?s7!]  Velocity potential
~v[~] Heat capacity ratio
p [kgm™3] Density

w [rads™!] Complex frequency
DoE Design of Experiments
LOM Low-Order Model

NRMSE Normalized Root-Mean-Square Error

INTRODUCTION

Can-annular combustors are commonly found in heavy-duty land-based gas turbines. In this application, N
identical combustor cans are aligned along an annulus, hence the name. On the upstream side, the cans are acoustically
connected to the compressor plenum. Downstream, a transition duct, as the name indicates, allows the cross-sectional
area of the can to transform from a circular to an annular shape, in order to properly feed the turbine. Single can
burners have often been considered to be a good approximation of the full system, since the combustion takes place
in individual cans. However, a small annular gap is present just in front of the turbine inlet guide vanes, and this
cross-talk area allows acoustic communication between neighboring cans. Recent studies showed that the can-to-can
communication cannot be neglected when investigating thermoacoustic stability.

While annular combustors have been extensively studied in the last decades, can-annular configurations have
received less attention. Bethke et al. [1] and Kaufmann et al. [2] were the first to numerically study can-annular
configurations. They showed that accounting for the cross-talk area in a full system gives rise to new eigenmodes that
were not observed in single can configurations. Panek et al. [3], based on experimental evidence and by means of a
modal analysis, arrived at the same conclusion. Modes with mode shapes that involve multiple cans were observed for
the full configuration but could not exist in a single can approximation. Farisco et al. [4] numerically investigated the
effect of the geometry of the gap on the acoustic interaction between neighboring cans and showed that the cross-talk
effect cannot be neglected. Ghirardo et al. [5] demonstrated numerically, by means of 2D Helmholtz simulations, and
gave experimental evidence that modes of various azimuthal order arise due to the weak coupling between cans. It
was shown that these modes come in “clusters”, i.e. collections of several distinct modes with very close frequencies,

but different growth rates.
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Jegal et al. [6] and Moon et al. [7] experimentally investigated two adjacent burners connected with a cross-talk
duct normal to the flow direction. They showed that the coupled system can exhibit strong oscillations, even if each
single burner is stable when isolated. The oscillation patterns (axial and push-pull mode) have been observed to be
strongly dependent on the equivalence ratio and on the geometrical location of the coupling duct. The work was
extended to a configuration with four cans [8]. Because eigenmodes are closely-spaced and form clusters, the system
can feature a mixed state with several distinct types of interaction patterns. The same test rig was used in [9] to
analyze the effect of broken symmetry. It was shown that rotational asymmetry can lead to a variety of dynamic states
(spinning azimuthal instabilities, mode localization, etc.) that are absent for the perfectly symmetric case, as discussed

also by [5].

Recent studies tackled the problem at a more fundamental level by means of low-order network models. Using
Bloch theory [10], the study of a can-annular system reduces to a single unit-cell. The behavior of the full system is
preserved by accounting for all possible azimuthal orders. Von Saldern et al. [11] modeled the cross-talk communica-
tion between cans with the Rayleigh conductivity K. Using a simple constant K i [12], they obtained an analytical
model with only geometrical parameters, which was then used in a 1D network configuration to investigate the influ-
ence of the coupling strength on the clusters of thermoacoustic modes. In parallel, Fournier et al. [13] suggested that
the modeling of annular combustors could be applied to can-annular configurations, where the gap is described by a
thin annulus. The model was applied by Haeringer et al. [14] to propose a strategy to tune experimental single-can
test-rigs to mimic the thermoacoustic behaviors of a full engine. Yoon [15] extended the model to account for mean
flow and proposed a unified framework for both annular and can-annular combustors using a multi-input multi-output

transfer function matrix.

In the present study, we want to investigate the validity of 1D models for can-annular combustors at a quantitative
level by comparison of predictions with those of higher order models. We consider a 2D can-annular combustor,
reduced to a single unit-cell with Bloch theory. We focus on the acoustic modeling of the cross-talk area. The
paper is structured as follows: we first describe the dimensionless equivalent longitudinal network model. Then both
the Rayleigh conductivity (RC) and the thin annulus (TA) models, which are based only on geometrical parameters,
are compared to 2D Helmbholtz reference simulations. We then propose an extension that accounts also for flow
parameters, with a characteristic length, and demonstrate that such model can properly capture the eigenfrequencies.
Finally, we perform a Design of Experiments study and propose correlations for the characteristic length. The limits

of validity of the low-order model are discussed.
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Fig. 1: Unit-cell of a generic can-annular combustor. The 3D geometry, as shown in Fig. 1 in [5], is approximated by
a 2D can, of length L and width H, closed at the inlet and the outlet. Acoustic communication with the neighboring
cans is possible through the cross-talk area of length L.

NETWORK MODEL OF A CAN-ANNULAR GEOMETRY WITH BLOCH BOUNDARY CONDITIONS
Case and Flow Description

A generic can-annular combustor consists of NV identical cans, placed in an annular arrangement. Ghirardo et al.
showed that a complex 3D geometry such as Fig. 1 in [5] can be well approximated by a 2D model. Following this
approach, we consider here 2D cans of length L and of width H, as depicted in Fig. 1. Upstream, we neglect any
possible influence of the plenum: the cans are decoupled and the reflection coefficient ?;,, is set to unity, following
prior studies [5, 11]. On the downstream side, a high pressure turbine stage is placed to extract energy from the fluid.
The acoustic response of such a turbine stage can be modeled by a reflection coefficient with a fixed gain lower than
unity and a zero phase response [16]. In this study, we do not consider any loss mechanism and the outlet reflection
coefficient is set to R,,; = 1. Little quantitative change is expected when accounting for the losses [17]. The
individual cans are acoustically coupled to each other through a small annular gap, of size L, located just upstream

of the turbine.

In this study, we focus on the modeling of the acoustics of the set of transition pieces, where the Mach number
is low, typically below 0.2 [3,5]. Consequently, and similarly to axial combustors, the low Mach number assumption
can be invoked by assuming zero mean flow when modeling the thermoacoustic behavior of cans, in particular wave
propagation along the cans. Combustion is not taken into account because it occurs upstream of the considered domain.
Accounting for it would lead to sections, inside the cans, with different temperatures and therefore different speed of
sound, not to mention the influence of flame dynamics on the thermoacoustic modes. Since the combustion takes place
significantly upstream of the turbine, the mean temperature can be assumed to be uniform in the region of the gap and
the modeling approach remains valid. Therefore, the model proposed here can be used in future studies to investigate
a more complete configuration. We also assume that mean quantities are constant and uniform over the entire domain.

Finally, entropy waves are assumed to have a negligible effect and are not taken into account [5, 18].
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Fig. 2: Equivalent longitudinal network model of the unit-cell. The annular gap is modeled by the complex-valued
reflection coefficient R, (w), which depends on the frequency w and the azimuthal order m.

Bloch-Wave Theory
The cans are geometrically identical, thus the system exhibits rotational symmetry. Bloch theory [10], which has
been introduced in thermoacoustics by Mensah et al. [19] and is now well established [5, 13, 14,20, 21], can then be

applied. In the frequency domain, the acoustic pressure field can be written in the form:

—E—&-l E N even
ﬁ(w):w(w)ezmﬁ’ m = J%/'_]_ ]%[_1 (l)
Ty T N odd

where @ is the azimuthal coordinate around the axis of discrete rotational symmetry, ¢ () is a function identical in
all unit cell and periodic in 6 with a period 27 /N, m is the Bloch wave number and we neglect to express the explicit
dependence of p on frequency. Note that ¢ (x) is not limited to a specific functional form, but can be any function that
satisfies the aforementioned decomposition. The absolute value of m is identical to the azimuthal mode order [5].
The eigenmodes can be classified in three groups: axial (m = 0), push-pull (m = N/2) and degenerate pairs
of spinning modes (all other values of m), which differ only by their spinning direction. From the study of a single
unit-cell, the behavior of the full system can be assessed by considering all azimuthal mode orders m. In other words,
we reduce our complete can-annular system to a single can where we apply Bloch boundaries in the region of the

cross-talk, as depicted in Fig. 1.

Equivalent Longitudinal Network Model and Eigenvalue Problem

Low-order network models are well established for single can combustors [22-25] where, below the cut-on fre-
quency of transverse modes, only acoustic plane waves propagate. The spatial extension of the gap is considered

negligible compared to the wavelengths of interest meaning that the annular gap is acoustically compact. Therefore,
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the unit-cell can be modeled by an acoustic network as shown in Fig. 2. The can is replaced by a simple duct of
length L, closed at the upstream side R;,, = 1. On the downstream end, the behavior of the can-to-can communication
through the annular gap is modeled by the equivalent reflection coefficient R, (w), which is, in general, frequency
dependent. This longitudinal network model is equivalent to the full system as we can recover all the eigenmodes by
varying the azimuthal mode order m hidden in the outlet boundary condition.

The governing equations describing this longitudinal network model involve the following parameters: the fre-
quency w, the speed of sound c, the length of the can L, the width of the can H, the length of the cross-talk area L.
These five parameters admit a basis of two fundamental dimensions, time and distance. Following the Buckingham IT
theorem [26], the system is fully described by only three dimensionless parameters. For consistency with prior studies,
we choose the same as those introduced by Ghirardo et al. [5]. The first dimensionless parameter is the Helmholtz
number He = kL, where k = w/c is the wave number, which represents a dimensionless frequency. Small values of
He correspond to acoustic waves whose wavelength is acoustically compact compared to the can length L. The second
is the coupling strength Ly = L,/H. The third number L* = L/H is interpreted as the aspect ratio of the can.

In the context of network modeling, it is convenient to use Riemann invariants. We recall the definition of char-

acteristic waves amplitudes

/ 1 /
(Z_’+u’>, gz(’f—u’) @)
pc 2 \ pc

In the duct only plane waves propagate. The f and g waves at the cross-sections ”in” and “out” of Fig. 2 are related as

follows:

fou —iwr 0 fzn
=1 3)

Yout 0 T Gin

The term e~ ‘7 models the acoustic propagation of a plane wave, where 7 = L/c is the time that takes an acoustic

wave to cover the length L. The boundary conditions are given by

Gout = Rm (w) fout
4)
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Inserting Eq. (4) into Eq. (3) and rewriting in terms of dimensionless parameters leads to the eigenvalue problem

R (He)e 2Me =1 ®)

Equation (5) is complex-valued and thus gives conditions on the absolute value and the phase of the equivalent re-
flection coefficient R,,. The first consequence is that |R,,(He)| = 1. We considered a system with neither acoustic
losses nor sources. It is therefore crucial to verify that the modeling approach does not introduce artificial losses or
sources in the equivalent reflection coefficient R,,(He), i.e. its gain must be unity. The other consequence is that the

eigenvalue problem reduces to a condition on the phase.

2He — /R,,(He) =0 mod 27 (6)

where /R, (He) denotes the argument of the equivalent reflection coefficient R,,,(He). Note that, in general, Eq. (6)

is non-linear in the Helmholtz number He and cannot be solved analytically.

2D REFERENCE CASE

In this section, we present the 2D Helmholtz case that serves as a reference for comparison with 1D low-order

models. We choose the same parameters as in [5]: N =12, L* =2, Ly = 0.2.

Numerical setup

The reference simulations for obtaining the reflection coefficient from the 2D Helmholtz equation are carried
out with the commercial Finite Element solver Comsol Multiphysics. The parametrical setup of the geometry shown
in Fig. 1 employs quadratic basis functions on a triangular mesh with cell sizes smaller than 10 mm to ensure grid
independence. Boundary conditions for the sound hard walls, the non-reflecting inlet as well as the superposed acoustic
forcing at the inlet are imposed weakly via the flux. The Bloch boundaries are enforced via Lagrange multiplier
constraints. The Helmholtz equation for this case is then solved in the frequency domain in 10 Hz steps, up to the
maximum frequency corresponding to He = 7.

Figure 3 presents the forced response of the can at the frequency He = 7/2, for the azimuthal order m = 1. From

the inlet, only plane waves propagate but, as they approach the gap region, distortion is observed. In the cross-talk
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Fig. 3: Forced response of the system for the azimuthal order m = 1. The can is forced from the inlet with a wave
fin at the frequency He = 7 /2. Color indicates the normalized absolute pressure and black lines indicate isolines of
pressure. Upstream of the can, plane waves propagate. Downstream, the gap introduces strong 2D effects that are not
confined in the vicinity of the gap region but also extend upstream.
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Fig. 4: Phase of the reflection coefficient R,, 2p(He) of a set of N = 12 cans as a function of the dimensionless
frequency He and the azimuthal order m of the forcing pattern. Circles, located at the intersection between the phase
response and the line of equation 2He (black dashed line), indicate the eigenfrequencies of the whole set of cans.
Eigenmodes of azimuthal orders m = 4, m = 5 and m = 6 have close frequencies, hence the denomination cluster.

area, the waves are not plane anymore and strong 2D effects are observed. These effects are not strictly confined in
the vicinity of the gap but can also extend upstream, especially for higher azimuthal order. The results, in particular
the reflection coefficients, are validated against those of Ghirardo et al. [S], which were obtained with an expansion on
Chebyshev series of the 2D equations.
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2D Equivalent Reflection Coefficients

The reflection coefficients R, 2p(He) for an equivalent 1D geometry are obtained from 2D numerical simula-
tions by computing the forced response of the set of cans at discrete frequencies and for each azimuthal order m.
However, as seen in the previous section, strong 2D effects are present in the region of the gap, making any 1D post-
processing at this location difficult. To overcome this limitation and to ensure reliable results, numerical measurements
are performed at the inlet, upstream of the can, where the acoustics is closest to plane waves. In practice, for each
azimuthal order m and for several discrete frequencies, we force the inlet with a wave f;,, and measure the reflected

wave g;,. From a 1D perspective, the measured ratio ¢;,,/ fi» is modeled as:

Gin
fin

= 672Z-l-lel7zm7 2D (He) (7)

The first term, e~2¢, represents the wave propagation in the duct from the inlet to the gap, and then again from the

gap to the inlet, hence the factor of 2. R, 2p(He) models the contribution of the annular gap.

From the 2D simulations, we computed the absolute value |g;,, / fin| and verified that it is indeed unity. This result
is expected: the waves cannot be amplified nor damped since no acoustic losses are taken into account and no energy
is added to the system. On the other hand, the phase response is not trivial, and will especially depend on the azimuthal
order of the mode, as reported in [5]. Although the equivalent reflection coefficient R, 2p(He) cannot be directly

assessed in the gap region, Eq. (7) can be rewritten:

Gin
fin

LRy, 2p(He) = £ < ) + 2He )

This post processing is useful because it allows us to keep only the behavior of the gap and remove the overemphasis
of the contribution of the can (the phase shift due to the propagation in the can is much larger than the phase shift
due to the gap, see Fig. 5 in [5]). Figure 4 shows the phase response of the equivalent reflection coefficient modeling
the gap R, 2p (He) as a function of the dimensionless frequency He, for all azimuthal mode orders m. For the axial
mode m = 0, the phase is constant and equal to zero, meaning that Ry 2p = 1. The gap has no influence on the axial
mode and the can is simply exposed to the acoustic boundary induced by the turbine. For all other azimuthal order,
the characteristics of the phase are not trivial and depend on the frequency. Starting from 7 in the low-frequency limit,

it converges towards zero but the slope depends on the azimuthal order (low azimuthal orders go faster towards zero).
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Another interesting feature of this representation is the possibility to directly read off the eigenvalues of the full

system. Equation (6) can be rewritten:

/R(He) =2He mod 27 9)

Equation (9) indicates that the first set of eigenfrequencies is located at the intersection between the phase response and
the straight line of equation 2He (black dotted line on Fig. 4). The second cluster, which consists of the harmonics of
the modes of the first cluster, is located at the intersection with the line of equation 2He — 27 (outside of the frequency
range of Fig. 4) and so on for clusters of higher harmonics. Figure 4 shows that the eigenfrequencies of modes m = 4,

m = 5 and m = 6 are really close, hence the denomination “cluster”.

LOW-ORDER MODELS OF THE ANNULAR GAP BASED ON GEOMETRICAL PARAMETERS

In this section, we review the existing models proposed by von Saldern et al. [11] and Fournier et al. [13]. Both
models are based on purely geometrical parameters and will be compared to the 2D Helmholtz simulations introduced

in the previous section.

Rayleigh Conductivity model

The Rayleigh conductivity Kz of an aperture, defined as Kr = iwpQ/Ap, relates the volume flux @ through
the aperture to the pressure difference Ap between the two sides [12]. It is the analogue of Ohm’s law for 1D lumped
acoustic systems. Von Saldern et al. [11] derived a 1D model of the gap where the Rayleigh conductivity K is used
to relate the acoustic velocities inside the gap to the pressure gradient between cans, because ) = Agqpu’. The can
was assumed to be circular, of radius r..,. In order to obtain a simple analytical expression, the gap was treated
as a circular aperture. With this hypothesis, the Rayleigh conductivity is constant and relates to the gap radius as

Kpr = 2r44p. Writing Eq. (10) from [11] with dimensionless parameters leads to

165in2(m)
Rom He)=1-— N
ro(He) iHe—"— + 8sin’(Z2)

2L\ /L,

(10)

In the rest of the paper we refer to it as the RC model, where RC stands for Rayleigh conductivity.
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Fig. 5: Phase response of the annular gap as predicted by the Rayleigh conductivity model (dash-dot line) and thin
annulus model (dotted line) compared to the 2D Helmholtz reference (full line). Colors indicate the azimuthal order
as defined in Fig. 4. For each azimuthal order, the intersection of the phase response with the black dashed line gives
the eigenfrequency. Both models are qualitatively correct in the low frequency limit. Nevertheless, they do not predict
accurately the eigenfrequencies.

Thin Annulus model

Fournier et al. [13] proposed an alternative modeling strategy, where can-annular combustors are seen as limit
cases of annular geometries: the cans are burner tubes of significant dimensions and the annular gap is an annular
chamber where the axial spatial extension is negligible and the total azimuthal length corresponds to N times the
width of a can. The annular gap is modeled as a thin annulus, i.e. a compact T-junction and ducts of lengths H/2

representing the width of the can. Following the results of Fournier et al., Eq. (14) in [13] can be written with

dimensionless parameters:

4cos ($£) — 4 cos (2Z2)
2= sin (72) 4 2 cos (££) — 2cos (3572)

(1)

Rm, TA(He) =1-

In the following, we refer to it as the TA model, where TA stands for thin annulus.

Analysis of the low-order models
For a real-valued Helmholtz number He (marginally stable mode), it is straightforward to mathematically prove
that |R,, rc(He)| = |Rm, 7a(He)| = 1. It follows that both models are satisfactory in the sense that they do not

introduce spurious damping or amplification.
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As reported in [5, 11, 13] and seen in the previous section, the phase response is non trivial. Figure 5 shows the
phase response for both 1D models compared to the 2D Helmholtz reference case. For the sake of clarity, only the
axial mode and modes of azimuthal order m = 1,2,5,6 are represented. The first observation is that both models
do not accurately reproduce the results of the 2D reference case: they do not provide quantitatively accurate results.
For example, the TA model underpredicts the eigenfrequency of the first azimuthal order, whereas the RC model
overpredicts it. The errors on the eigenfrequency are 29.3% and 20.7%, respectively. Similar behaviors are observed
for the other azimuthal orders, and the error on the eigenvalue prediction varies from 11% to 35%. Akin results
were observed by Yoon where the theoretical model, which can be seen as an extension of the TA model, always
underpredicts the eigenfrequencies compared to FEM (Fig. 9 in [15]). Both RC and TA model underpredict the

frequency at which the modes tend to cluster by 12.3% and 32.1% respectively.

Although being quantitatively inaccurate, the RC model exhibits a satisfactory qualitative behavior for the entire
frequency range investigated. Starting from m, the phase decreases and converges asymptotically towards the hori-
zontal zero line without crossing it. The axial mode is also well captured: the phase is constant and trivially zero.
In contrast, the thin annulus (TA) model is not entirely satisfactory. For low frequencies, the TA model exhibits the

correct qualitative behavior. This is explained by the fact that a Taylor expansion of Eq. (11) gives

8 sin® (%)

R He) ~ 1 —
m, 74 (He) iHe - +4sin” (%)

12)

which is essentially the same structure as of the RC model (see Eq. (10)). However, as the frequency increases,
for each mode order, the phase does not converge asymptotically towards the zero line but does cross it. These
intersection points are located at the frequencies He = 2L*m /N and correspond to the passive acoustic mode of the
thin annulus [13]. Therefore, for higher frequencies He > 2L*mm /N, the qualitative behavior is not satisfactory. We
conclude that the cross-talk area of can-annular combustors should not be modeled as a thin annulus when considering
higher frequencies. For the axial mode, the two ducts of the thin annulus that model the width of the can inherently
add a non-negligible length to the total length of the can, hence the phase shift observed in Fig. 5. Note that this effect

could be compensated but would require an individual tuning of the model for the axial mode.

In conclusion, the thin annulus assumption to model the gap in can-annular configurations is qualitatively valid
only for low frequencies (He < 2L*m/N). Conversely, the Rayleigh conductivity model gives the correct qualitative
behavior over a wide frequency range. Nevertheless, because based purely on geometrical parameters, both models

do not capture the correct phase response of the annular gap (see the error with the 2D reference on Fig. 5), and,
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Fig. 6: Sensitivity of the first two eigenfrequencies as a function of the aspect ratio L*. Small values of L* correspond
to a set of cans that are short compared to the circumference of the annular gap, that measures /N H. Colors indicate
the azimuthal order as defined in Fig. 4. When the length of the can becomes much larger than the other dimensions,
the eigenmodes converge to the same solution, the quarter-wave mode and its harmonics. Modes with high azimuthal
order converge faster and are closest within a cluster.

for all azimuthal orders, do not predict accurately the eigenfrequencies. These shortcomings motivate the need of an

extension of the RC model to obtain quantitatively accurate results.

A few considerations on the spectrum structure and clusters

Although not suited for quantitative prediction, these simple models give good insight into the underlying physics.

We consider two interesting limit cases.

e Case 1: L is zero. The gap is completely closed, i.e. the coupling strength is Ly = 0. The equivalent reflection
coefficient becomes trivially R,,, rc(He) = R, 7a(He) = 1: it is independent of the mode order and of the
frequency. The gap closes and the annular configuration reduces to a purely longitudinal configuration where the

outlet boundary condition is the choked exit. The eigenvalue problem becomes:

e ?Me—1 — He=pr, peN (13)

which is the half-wave mode and its harmonics. In the limit case where the gap closes, all the modes of the first

cluster collapse into one degenerate mode, the half-wave mode.
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e Case 2: large aspect ratio. In the limit case where the length becomes much more significant than the width, i.e.

1/L* — 0, the equivalent reflection coefficient is:

1, m=0
R, rc(He) = Ry, 7a(He) = (14)

-1, m#0

The axial mode is unaffected by the annular gap and remains exposed to the choked outlet. The eigenmode

associated is the half-wave mode He = 0 and harmonics. On the other hand, all other azimuthal modes are now

exposed to an open end (R = —1). The solutions of the eigenvalue problem are:
e"2He — 1 — He:g—l—pw, peEN (15)

All the modes converge to the quarter-wave mode and its harmonics. This is physically explained by the fact
that, in this limit case of long can, any phase shift introduced by the gap becomes negligible compared to the
phase shift due to the propagation in the can itself. The effect of the azimuthal order on the outlet boundary
becomes negligible, hence the outlet boundary is independent of the mode order and all modes converge to the

same solution.

The phase of the equivalent reflection coefficient can be analytically determined:

mHe
LRy, He) = 7 — 2 arcta 16
L7RC( ) ™ T n(lGL* L;SIHZ(TX;L)> ( )

This equation can be used to understand the spectrum structure. Recall that the eigenfrequency is located at the
intersection with the straight line of equation 2He (Eq. (9)). When L* increases, Eq. (16) shows that the phase response
is less and less steep, the eigenfrequency is ”pushed” to the right to higher frequencies, with the limit He = /2.
Figure 6 presents the influence of the aspect ratio on the first two eigenfrequencies for all azimuthal orders. For a
given azimuthal order m, when L* increases, the eigenfrequency increases and converges towards the quarter-wave
mode. Therefore, can-annular combustors with large aspect ratio L* tend to have a more pronounced clustering effect.

Similarly, for a given geometry (L* and L7 fixed), when m increases, the phase response is less and less steep, the
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Fig. 7: Each half of the gap is treated as a 1D converging nozzle. h(z) is the cross-section of the flow along the
stream-path of the acoustic flow. The inertia of the volume of fluid is expressed in terms of a characteristic length
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eigenmode is located at a higher frequency. That explains the spectrum structure: the higher the azimuthal order, the
higher the eigenfrequency. Modes with higher azimuthal order will be the closest within a cluster. This sheds a new
light when designing can-annular combustors: modes always come in clusters, outcome of a system that behaves as
a collection of oscillators (cans) been weakly coupled (gap). The spread of the modes within a cluster depends on
the system geometry (length of the can, gap design, etc.). This needs to be taken into account at the design stage as
clusters of modes cannot be avoided. A related question arises: how should the combustor be designed to guarantee
that all thermoacoustic modes are stable? This crucial and interesting question is beyond the scope of this study and

will be left for future research.

LOW-ORDER MODEL BASED ON CHARACTERISTIC LENGTH

In this section we derive an extension for the reflection coefficient model that accounts not only for geometrical
but also flow parameters. The gap is assumed to be acoustically compact. The mass conservation equation integrated

over the control volume depicted in Fig. 1 reduces to conservation of volumetric flow rate:
Hu}y — Lgub — Lyu =0 (17)

Equation (17) is rewritten with dimensionless parameters and Riemann invariants, which are more convenient to define

a reflection coefficient.

%(fl—91)—(f2—92)—(f3—93)=0 (18)
g
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Because of the rotational symmetry, we invoke Bloch theory to mutually connect location 2 and 3 with periodic Bloch

boundaries [21].

2mtm

f3 = goe' N (19a)

S 2mm

gs = fae"" N (19b)

We define the equivalent reflection coefficient as g; = R, f1. Using this definition and inserting Eq. (19) into Eq. (18)

leads to

2mwm

¥)g2 = 0 (20)

Equation (20) has three unknowns, thus two more independent equations are required to close the problem. Note
that for the axial mode m = 0, the equation directly reduces to Ro(He) = 1: the equivalent reflection coefficient is

constant and is not affected by the cross-talk area.

We use the unsteady Bernoulli equation for irrotational homentropic flow [27].

9 (0o Wy p
0(815+2+7—1p (21)

where ¢ is the velocity potential and + is the ratio of specific heat capacities (ideal gas behavior is implied). The
equation is integrated along two streamlines of the mean flow, from location 1 to location 2 and from location 1 to
location 3 respectively. It is possible to find a standing wave with a nodal line that coincides with the symmetry axis
of the can in the considered unit-cell. This symmetry allows us to treat locations 2 and 3 similarly. We consider the

integral in space of the first term of Eq. (21), the velocity potential.

20 (0 20 (0 o [?

As depicted in Fig. 7, from a 1D perspective, we consider the flow through the compact annular gap to be similar to

the flow in a converging compact nozzle, which is a well established problem. Following prior studies for a compact
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element with a varying cross-section [27-31], we define the characteristic length Lepqr, m

2 2

L

Lehar, m = / PN / 9 (23)
1 U2 1 h(z)

where h(x) is the cross-section of the flow along the stream-path of the acoustic flow, and not the geometric cross-
section across the element. For that reason, the characteristic length depends on the azimuthal order m. Physically,
the characteristic length accounts for the inertia of the volume of fluid between the two reference positions. Assuming

harmonic time-dependence, Equation (22) reduces to

20 (9 ,
/1 aixz (815) dmz - ZWLcha'r, mU2 (24)

The integral in space of the remaining two terms of Eq. (21) is simply evaluated at location 1 and 2. Linearization with

Reynolds decomposition, assuming zero mean flow and neglecting higher order terms yields

/ /

P2 — P

ikLchar, 777.7-’4/2 + =0 (25)

where k = w/c is the wavenumber. The integration from location 1 to 3 is done similarly. Switching to Riemann

invariants, the problem can be cast into the homogeneous linear system of equations

h

M(He,m) | f,| = (26)

o o o
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with the matrix M[(He, m) as

717;;27" ei% -1 1— ei%
—1-Rn 1+ ikLehar, m 1 — ikLchar, m 27
—1-Rm e e (1 - ikLchan m) e’ e (1 + ikLchar, m)

M (He,m)

The system shows non trivial solution if the determinant of M (He, m) is null, which gives a condition for the reflection

coefficient:
dsin®(T)
R cn(He) =1 g =N 28
7 CTL; + 2sin (T)
where L., ., = Lehar, m/H is the dimensionless characteristic length.

As shown by Schuermans et al. [32], the concept of effective length is interchangeable to the Rayleigh conduc-
tivity. Equation (28) is similar to Eq. (10) and can be seen as an extension of the RC model. However, the proposed
model accounts not only for geometrical parameters but also for flow parameters with the inertial length L4, . In
particular, the dependence of L4y, m on the azimuthal order m reflects the fact that the acoustic flow is influenced
by the azimuthal mode, hence the denomination flow parameter. Note that this is a purely acoustic perspective and
it is not connected to mean flow, turbulence or similar features. The use of a characteristic length is well established
and applicable to all sorts of elements, e.g. a premix burner [28], a sudden change in cross sectional area [30], an
orifice [31], a nozzle [29], a Helmholtz resonator [33], among others. Note that we did not take into account the losses
due to the abrupt changes in geometry. This consideration of losses is a natural extension of the present model and

will be covered in future work.

The characteristic length L4, m, can be determined from the 2D simulations using Eq. (22) or Eq. (23). However
this post-processing can be tedious: it is not straight forward to determine an appropriate control volume, to extract a
’characteristic” streamline representing the ensemble, to average the 2D quantities to compare with 1D, etc. Flohr et
al. [31] proposed an alternative method to measure based on an analogy with the heat conduction equation but with a
detrimental loss of accuracy. For the present case, we make use of the fact the reflection coefficient R, numerically

measured from the 2D simulations contains all the relevant information. In particular, Lepar, », is embedded in this
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measurement as it directly shapes the the phase response of R,,. As a result, L¢pqr, m becomes a physics-based
parameter giving an additional degree of freedom. L.pqr, m 1s assessed via an optimization problem by minimizing

the normalized root mean squared error between the LOM and the numerical simulations, defined as

VES -0
NRMSE = . (29)

where y; is the phase response of the gap, obtained from numerical simulations, at the discrete frequency j, §;
the predicted value from the 1D model, n the number of frequency samples, and o the standard deviation. Note that
L¢har, m only depends on the azimuthal order m and is independent of frequency. Figure 8 presents the phase response
of the annular gap as predicted by the characteristic length model compared to 2D Helmholtz simulations. For every
azimuthal order, the low-order model shows excellent agreement with the 2D reference. The NRMSE between the

LOM and the reference remains lower than 2.2%.

Since the phase response is properly modeled over the entire frequency range, it implies a correct eigenfrequency
prediction. Table 1 shows, for every azimuthal mode, the eigenfrequency predicted by the characteristic length model
and the relative error with the 2D reference. The maximal error observed is 2%, which is considered acceptable

regarding all the assumptions and simplifications of the low-order model.

A simple 1D model, based on geometrical and flow parameters, is able to accurately model the cross-talk area
of a can-annular combustor, despite the strong 2D effects observed at this location. These 2D effects are lumped into
the equivalent length correction, as it is common in the acoustics literature. It is highlighted that, although changing
with the mode order, the characteristic length L 4, », does not depend on frequency. For each mode order, it is
obtained from numerical simulations and valid for that case only. However, such low-order method is computationally
inexpensive and may prove to be useful in concept and pre-design studies, where geometrical parameters are rapidly
changing. In order to use it for new designs and ensure reliable results, one needs to determine how L4, »,, can be

generalized.

GENERALIZATION OF THE MODEL TO CONFIGURATION WITH DIFFERENT GEOMETRICAL PA-
RAMETERS

In this section, we investigate how the characteristic length L.pqr, » can be generalized to other configurations.

In particular, we analyze the influence of geometrical parameters.
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Fig. 8: Phase response of the annular gap as predicted by the characteristic length model (crosses) compared to the 2D
Helmholtz reference (full line). Colors indicate the azimuthal order as defined in Fig. 4. For each azimuthal order, the
intersection of the phase response with the black dashed line gives the eigenfrequency. The low-order model shows
excellent agreement over the entire frequency range of interest compared to the 2D reference.

Table 1: Eigenfrequency prediction of the characteristic length model compared to the 2D Helmholtz reference for all
azimuthal order.

Jap [Hz] | fer [Hz] | Error [%]
m=1 58.98 58.73 0.4
m=2 109.80 108.24 1.42
m=3 157.35 154.14 2.03
m=4 185.31 182.70 1.41
m=2>5 196.12 194.63 0.76
m =26 199.80 198.48 0.65

Design of Experiments Study

We perform a Design of Experiments (DoE) study [34] where the two dimensionless input parameters L* and L7
vary in the range [1 — 5] and [0.1 — 0.3] respectively. These values correspond to realistic parameters for a gas turbine
combustor. Following Loeppky et al. [35], who suggest that the sample size should be at least ten times the number
of input parameters, the parameter space is filled by 40 points following a Latin Hypercube method, as shown in
Fig. 9. For each set of parameters, a 2D Helmholtz simulation is performed and post-processed following the method

described for the reference case.
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Fig. 9: Parameter space of the DoE filled by 40 points with a Latin Hypercube method. The color indicates the
normalized root mean square error of the phase response between the low-order model and the 2D reference. For
small aspect ratio L™ or for large coupling strength L7, the error tends to increase.

Correlations for Lcpqr, m

For each case, and for every azimuthal order, the characteristic length L.y, n, is determined. We excluded 4
data points that exhibited normalized root mean square errors between 2D and LOM greater than 5%, which was not
considered acceptable. These larger errors, explained by the limits of validity of the LOM, are discussed later.

From a low-order network perspective, if we disregard the upstream can and consider only the gap itself, according
to the Buckingham II theorem [26], the latter can be modeled with only two parameters: a dimensionless frequency
and the coupling strength L. But, as shown in the previous section, the characteristic length Lcpqr, m is independent of

frequency. Therefore, from a 1D perspective, Lepar, m depends only on the coupling strength Ly = L, /H. Figure 10

*

presents the normalized characteristic length L%, =

= Lchar, m/H as a function of the coupling strength Ly. For
the sake of clarity, only mode order m = 1, m = 3 and m = 6 are shown. The color of the data points indicates the
aspect ratio L*. We can see that, for a coupling strength L from 10% to 30%, the normalized characteristic length

L scales linearly in the explored range. The coefficients of determination R? of the proposed linear regressions

char, m
are 0.86, 0.77 and 0.93 respectively.

From the numerical simulations, for a given azimuthal order m, we observe that, for large values of L*, the
characteristic length can be considered independent of the aspect ratio L* and is determined only by the coupling

strength L7. Indeed, from Fig. 10, we see that data points associated to configurations with similar coupling strength

L7 but different aspect ratio L™ tend to be close to each other and the proposed correlations. On the other hand, the
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Fig. 10: Sensitivity of the normalized characteristic length L7, .. as a function of the coupling strength Lg for
azimuthal mode orders m = 1, m = 3 and m = 6. The color of the points indicates the aspect ratio of the can L*,

showing that the dependence of L7, . . on L* is weak in the studied range. In the explored range, L}, .. . scales

linearly with the coupling strength L7.

scatter is more pronounced for configuration with small aspect ratios: these points have the largest errors with the
proposed linear regressions. Note also that, for these configurations, the error between 2D simulations and LOM when
determining the characteristic length L}, m, also tend to increase (recall Fig. 9). This is due to the limits of validity
of the LOM approach, discussed in the last section. Considering the satisfactory linear regressions, it is reasonable to
disregard the influence of the aspect ratio L* and to consider the characteristic length Ly, , primarily as a function
of the azimuthal order m and the coupling strength Ly = L, /H. In particular, for each mode order m, the linear

regression gives:

*

char,m — a1, mL; + ap, m = Lchar, m — a1, ng + ap, mH (30)

It is highlighted that, as a first approximation, the characteristic length L pqr, m scales linearly with the gap size L,
and the width of the can H.

Depending on the coupling strength L7 and the azimuthal order m considered, the characteristic length can vary
significantly. Physically, this is explained by the fact that an inertial length is strongly influenced by the contraction

experienced by the flow. For example, it is common to observe a characteristic length much larger than the geometrical

23 GTP-21-1311, Fournier



ZRy,(He)

|
0 /2 T 3n/2
He

Fig. 11: Phase response of the gap as predicted by the characteristic length model (crosses) compared to the 2D
Helmbholtz reference (full line). Colors indicate the azimuthal order as defined in Fig. 4. Intersection with the black
dashed lines gives the eigenfrequency. As the frequency increases, the gap becomes acoustically non-compact, the 1D
modeling approach reaches its limits of validity and the model deviates from the reference case.

quantities of interest [27,33]. For a given geometry, the characteristic length decreases with the azimuthal mode
order, which is consistent with the fact that modes with higher azimuthal order exhibit a higher eigenfrequency, as
explained previously. Finally, when the coupling strength increases, the relative importance of L7, .. ,,, compared to
L7 decreases towards zero, leading, for high values, to R,,, ~ —1. Indeed, if the coupling strength is large, i.e. if the

gap size L, is significant, the system can be seen as a can terminating in a large vessel, i.e. the can is exposed to an

open end.

Limits of validity of the LOM approach

In the previous sections, we demonstrated that a low-order model based on a characteristic length can retrieve 2D
results with a satisfying accuracy. In particular, the eigenfrequencies of the system are accurately predicted. However,
such modeling approach has two limiting factors.

The first limitation comes from the assumption that, in the cans, only plane waves propagate and all other modes
are said “cut-off”. But as the frequency increases and reaches the cutoff frequency of a non-plane mode, that mode
is no longer evanescent and can propagate: it is said cut-on. For example, for a circular can of radius H/2, the plane
wave approximation remains valid up to the maximum frequency He < 2L*«y1, where o117 ~ 1.84 is the first zero
of the Bessel function Ji () [36]. The maximum frequency is directly influenced by the aspect ratio of the can: for

small aspect ratio L*, the LOM will be able to accurately predict only the first cluster, whereas for large L*, clusters
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at higher frequencies, which consist of the harmonics of the mode of the first cluster, will also be correctly captured.
The second limitation comes from the hypothesis of an acoustically compact gap kL, < 1,i.e. He < L*/ Ly
with dimensionless parameters. Figure 11 shows the phase response of the characteristic length model compared to
2D simulations for L* = 2.05 and Lj = 0.27. In the low frequency region, the LOM has a perfect agreement with
numerical simulations. The first cluster (intersection with the first black dashed line) is captured accurately for every
azimuthal order. However, as the frequency increases, the gap becomes non-compact. The LOM deviates from 2D
reference and the second cluster is not captured at the correct frequencies. The error on the eigenfrequency prediction
is around 6% for the second cluster, to put in perspective with an error of 1% or less for the first cluster. Although
it might be considered still acceptable for the second cluster, note that it will be amplified for clusters at higher
frequencies. It is therefore crucial, when considering clusters of higher harmonics, to verify that we remain within the

domain of validity of our model.

SUMMARY AND CONCLUSION

In this paper, we investigated a generic can-annular combustor and focused on the acoustic modeling of the cross-
talk area in front of the turbine that allows for can-to-can acoustic communication. We exploited the discrete rotational
symmetry by using Bloch boundaries to reduce the combustor to a single unit-cell, while preserving the dynamics of
the full system. We demonstrated that only three dimensionless parameters are required to model such configuration
with a low-order network. The annular gap is replaced by a complex-valued equivalent reflection coefficient, which
accounts for the azimuthal order of the mode.

We then reviewed two existing 1D models, based only on geometrical parameters, and compared them to a 2D
Helmholtz reference. The first model describes the gap as a thin annulus. Although intuitive at first glance, this mod-
eling approach is valid only in the low frequency limit and mainly suited for cans with large aspect ratios. The second
model describes can-to-can communication with the Rayleigh conductivity. The qualitative behavior is satisfactory
and valid for a wider frequency range. Both models can be used to understand the structure of the acoustic spec-
trum. However, they are based only on geometrical parameters and cannot predict, at a quantitative level, the correct
eigenfrequencies of the system.

We then derived an extension that accounts not only for geometrical parameters, but also flow parameters in terms
of an inertial characteristic length L¢pqr, . This additional parameter models how the acoustic flow in the gap is
influenced by the azimuthal order of the mode. We demonstrated that such a 1D model can accurately capture the
physics and shows excellent agreement with the reference, despite the strong 2D effects observed in the region of the
gap.
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We performed a Design of Experiments study to apply this model to other geometrical configuration and built
correlations for Lcp g, . We demonstrated that the characteristic length depends primarily on the azimuthal order m
and the coupling strength L7 and linear regressions were proposed with satisfactory results. Finally, we discussed the

limits of validity of the model.

In the present study, we considered a pure acoustic model. The impact of losses and mean flow on the character-

istic length can be investigated in future work.
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