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Abstract: The paper is related to a coupled problem describing piezoelectric effects in an elastic body. For
this problem, we deduce majorants of the distance between the exact solution and any approximation in the
respective energy class of functions satisfying the boundary conditions. The majorants are fully computable
and do not contain mesh dependent constants. They vanish if and only if an approximate solution coincides
with the exact one and provide guaranteed upper bounds of errors in terms of the natural energy norm asso-
ciated with the coupled problem studied.
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Mathematical models arising in the majority of applications are intended to describe so-called multiphysics
problems, which involve several equations of different types related to the different processes or phenom-
ena. Piezoelectric models form an important class of such problems with bidirectional coupling between the
mechanical and electrical system. These models are highly important for modern technological systems that
transform (in a macro or micro scale) mechanical loadings into electric effects and vice versa. The first lin-
ear mathematical model and the corresponding system of differential equations of an elastic medium taking
into account the interaction of electric and mechanical fields was derived by W. Voigt [21]. Later R. Toupin,
R. Mindlin, L. Knopoff, S. Kaliski, and J. Petikiewicz presented more advanced models of an elastic medium
with polarization (see [2, 8, 9, 19, 20]). The effects evoked by thermal and magnetic fields are considered in
[3, 4, 7]. In [1], the authors considered a linear model (without the hysteresis effects) for the interaction of the
elastic and electrical fields in a three-dimensional piezoelectric matrix with metallic inclusions.

Typically, numerical solution of multiphysics problems consists of consequent solving the respective
equations by a certain splitting scheme that exchanges the data in a suitable order. This is the basic procedure
used in lab and industrial environments wherein specialized single-physics solvers have been developed over
the years. Difficulties of this approach consists in choosing parameters for the involved solvers that guaran-
tee adequate overall accuracy and efficient use of computational resources. In other words, the challenging
problem in quantitative analysis of complicated coupled systems is the reliability of numerical results. To
address this contention it is required to understand how to deduce fully computable and guaranteed bounds
of the difference between the exact solution and an approximation. This is the main goal of this note, where
we derive new a posteriori estimates (error majorants) for the coupled system of elliptic partial differential
equations motivated by a piezoelectric problem. Our method is based on a posteriori error estimates of func-
tional type that was introduced in [11] and developed in [12, 13, 15-17] and many other publications. Error
estimates of this type are derived by purely functional methods and provide fully computable measures of
the difference between the exact solution to a boundary value problem and an arbitrary function (approxi-
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mation) from the corresponding energy space. They do not attract specific information on the approximate
solution (e.g., Galerkin orthogonality, structure of meshes, numerical method used) and do not require extra
regularity of the exact solution. As a result, the estimates do not contain mesh dependent constants and are
valid for any conforming approximation from the respective class of admissible functions. Moreover, error
majorants are nonnegative functionals, which vanish if and only if an approximate solution coincides with
the exact one. Therefore, they provide computable measures of the accuracy for a wide spectrum of problems
(practical applications of them are systematically discussed in [6]).

The paper is organized as follows. Section 1 introduces the notation and defines the problem. The main
result is presented in Theorem 2.1 of Section 2, which states the form of the error majorant. Section 3 presents
advanced forms of majorants which are valid for a wider set of functions and contain constants in the so
called ‘sloshing’ inequality.

1 Statement of the problem and notation

Let Q be abounded Lipschitz domain in R, d € {2, 3}. We denote two primary fields as follows: u : Q — R4
is the vector of elastic displacement, ¢ : Q — R is the scalar electric potential field.
The strain tensor € is the symmetric part of the displacement gradient:

1 T
ew) = 5 (Vu+ (vwT). (1.1)
We consider the system of equations describing deformation of a piezocrystallic body in Q

Diva(u, @) =f (1.2

—divD(u, @) =g (1.3)

containing the body force vector f and the scalar field of the electric charge density g. Here Divand div denote

the divergence operators for the tensor and vector valued functions, respectively, i.e., Divt = V-7 = 7;;; and

divq = V- q = q;,; . Here and later on the Einstein summation convention of summation over the repeated

indices is adopted. The scalar product of vectors is denoted by ‘-’ and the scalar product of tensors is denoted
by two dots ‘:’.

The symmetric stress tensor ¢ and the electric displacement D are coupled via the linear piezoelectric

material law:

o(u,p)=Le(u) + B-Vo (1.4)

-D(u, ) =K -V — BT : g(u). (1.5)

In (1.4) and (1.5), L = (Lji) is the (forth-order) linear-elastic material tensor, which is subject to the

condition
lelP<Le:e<cllel* vee Mgﬁg (1.6)

where Msd;,{‘f is the space of symmetric real valued dxd tensors. We assume that the elements of the elasticity
tensor are bounded and possess natural symmetry properties:

Lijkm = Ljikm = Limij € L(Q), 1,j,k,m=1,...,d. 1.7)
Also, the relations (1.4) and (1.5) contain the (third-order) piezoelectric tensor
B = (byjs), bijs € L*(Q)

and the (second-order) dielectric material tensor K = (Kj;), which satisfies the symmetry and ellipticity con-
ditions
Kij = Kj; € L*®(Q) (1.8)
VI <K¢-¢<y310° V¢ eR?. (19)
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The system (1.2)—(1.5) is supplied with the Dirichlét boundary condition
u=uy onlpy (1.10)
for the elastic component of the solution and the condition
@=¢9 onlp, (1.11)
for the electric component. In general, I'p,, and I'p,, are two different parts of the boundary I'. On the re-
maining parts I'yy and I'y,,, we impose the homogeneous Neumann conditions
o0-n=0 onlyy (1.12)
D-n=0 onIyy. (1.13)
In what follows, we use the spaces H(Q, Div) and H(Q, div) containing square summable tensor valued

and vector valued functions having square summable divergences. Subspaces of these spaces formed by the
functions satisfying the homogeneous Neumann conditions are denoted by

H*(Q, Div) := {‘r € H(Q, Div) | J(‘r :VW+Divr-w)dx =0 VYwe Vo}
Q

and

H*'(Q,div) := <lq € HQ, div) | J(q VY +divgp)dx =0 Vi € Mo}
Q

respectively.
The generalized solution of the problem (1.2)—(1.13) is defined by the system of integral identities

c(u,w)+b(p,w)=F(wW) Ywe TV, (1.14)
~b(n,w) + k(p,n) =G(n) VneMo (1.15)
where the solution pair (u, ¢) belongs to the sets
ueVo+ug, Vo:={veH (R v, =0} (1.16)
and
¢ € Mo+ o, Mo :={i € H(Q)|Ylr,, = 0}. (117)

The bilinear forms associated with elasticity, piezoelectric and permittivity tensors and right-hand sides are
defined by the relations

c(u,w):= J gu):L:ew)dx = JLi,-kl gij(u) : g(w) dx (1.18)
Q Q

b(p,w):= J eW):B-Vpdx = Jbijs ij(u) @ s dx (1.19)
Q Q

k(p,n):= J Ve -K-Vndx = JKU @in;dx (1.20)
Q Q

F(w) := J f-wdx, G(n):= J gndx. (1.21)

Q Q

since then the bilinear forms are defined first. The solution of the coupled system (1.14)—(1.15) exists and it is
a unique element of the set (Vo + up) x (Mo + o) (see [18]).
It is not difficult to see that the norm

I, @]1? := le@)[ + IVel% = cu,u) + k(p, @) (1.22)

is the natural energy norm associated with our problem. We use it as a suitable measure of the distance to
the exact solution.
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2 Estimate of the deviation from the exact solution

Assume that v € Vy +ugp and ¢ € My + o are approximations of u and ¢, respectively. Our goal is to deduce
a computable upper bound of the norm

lu-v, - YlI* := llew - VI + V(@ - Y)IIg. 1)
Consider the quantities
Mi(v, 9, 7) == |[T-Le(v) - B-Vpllp+ + pp(L, Q, I'p,u)ll f + Div | 22)
and
Ma(v, ¥, q) := g - KV + B : (W)l +ur(K, Q,I'pp)lg + div | 23)

where ur are constants in the Friedrichs type inequalities
Iwll < prp(L, Q, I'pu) leW)l. YW e Vo

and
Inl < ur(K, Q,I'p ) IVnlx Yo € M.

Here and later on, | - || stands for the L2 norm of a vector or scalar valued function. The quantities M; and M,

contain only known functions (approximations vand 1, and the functions T € H*(Q, Div)and g € H*(Q, div)

that can be viewed as approximations of the exact elastic stress and of the exact flux, respectively).
Theorem below shows that these two quantities majorate the error norm.

Theorem 2.1. (i) For any v € Vo +ug and Y € My + o the combined error norm meets the estimate
-V, ¢ - PII> <MV, P, T) + M5(V, ¥, Q) 2.4)

where T and q are arbitrary functions in the spaces H*(Q, Div) and H* (Q, div), respectively.
(ii) The right-hand side of (2.4) vanishes if and only if

v=u, P=¢, T=Le)+B-Vy, q=KVp-BT:e).
Proof. Let v e Vo +up and ¥ € My + ¢o. We reform (1.14) and (1.15) as follows

c(u-v,w)+b(p -1, w) = F(w) - c(v,W) - b}, w) (2.5)
~b(m,u-v)+k(p-¥,n) =Gn) +bn,v) -k, n). (2.6)

Let w = u-v and 1 = ¢ — . By adding equations (2.5) and (2.6), we obtain the norm |[u - v, ¢ — ]|? on the
left-hand side.
On the right-hand side, we have

F(w)-c(v,w) - b(p, W)+ G(n) + b(n,v) - k(¥p, n) = I(f + Divt) - wdx + J(‘r -Le(v)-B-Vy): g(w)dx
Q Q

+ J(g +divq) ndx + I(q — KV + BT : g(v))- vpdx (2.7)
Q o

where T € H*(Q,Div) and q € H*(Q, div). The first term is estimated as follows:

I(f+DiVT) -Wdx < [|f + DivT| |w] < pr(L, Q, I'p,u) leW)ll || f + Div 7].
Q

Analogously,

j(g +divg)ndx < g + divall ur(K, Q, Ip,y) VAl

Q
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Next, we use the algebraic inequalities

y:e<@y: Y2 (L le:e)l/?

and
q-p<(Kq -2 (K 'p-p)'/2.

Hence

j(r “Le(w)-B- V) : eW)dx < [T - Le() - B- Vipllp (Wl
Q
J(q—KV¢+BT: e(v))-Vndx < llq- KV + BT : e(V)l|g-1 [Vnlk.
(0}

We estimate (2.7) by the followng two terms:
I = (ur(L, Q, Tpu)If + Divel + T - Le(v) - B- Vbl ) e - vl
I = (ur(K, Q, Tn,p)lg + dival + la - KV + BT : e@)lic) 19(p - Pl

Then,
1/2 r

u-v, p-PIP <L+ L < (MW, %, D+ M@, 1, 9) * lu-v, ¢ -] (2.8)

and we arrive at estimate (2.4).
To prove (ii), we note that vanishing of the right-hand side of (2.4) means that almost everywhere in Q
the following relations hold:

Divr+f=0 (2.9)
divgq+g=0 (2.10)
T=Le(V)+B - -Vy (2.11)
q=Kvip-BT: gv). (212
From (2.9) and (2.11), it follows that
J(IL (V) +B-VY) : g(w)dx = Jf- wdx Yw € V. (2.13)
Q Q
Analogously, (2.10) and (2.12) imply
J(KVI/) -Vn-¢(v):B-Vn)dx = jgrldx Vn € Mo. (2.14)
Q Q

Since v and i satisfy the main boundary conditions, (2.13) and (2.14) show that they satisfy system (1.14)-
(1.15), which solution is unique. Thus, we conclude that the above functions v and ¥ coincide with u and ¢,
respectively. O

Remark 2.1. It is easy to see that

ur(L, Q, Tpy) < ¢;' pr(Q, Tp,y)
ur(K, Q,Tp,y) <7 ur(Q, I'n,p)

where LWl

1 . s(w

Hp (2, Tpw) = inf = (2.15)
and v

Uz'(Q,Tp,,) = inf IVl (2.16)

neMo Il -
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Approximate values of ur(Q, I'p,y) and pr(Q, I'p,y) can be found numerically by minimization of the quo-
tients (2.15) and (2.16), respectively. Finding computable and fully guaranteed majorants of these constants
is reduced to finding guaranteed lower bounds of the minimal positive eigenvalue of an elliptic operator.
This difficult and important problem has been studied by different authors. In the context of Friedrich’s type
inequalities we refer to [5, 10, 13, 14] and references cited therein.

It is worth adding a concise comment on application of the majorant in combination with finite element ap-
proximations. Let v =uy and i = ¢, be FEM solutions computed on a mesh Tj. The simplest way to apply
(2.4) is to reconstruct T and q from the numerical stress T, = Le(uy) and numerical flux @, = KViy. In
general, these functions may not belong to H*(Q, Div) and H*(Q, div), respectively. Therefore, a certain aver-
aging (smoothing) procedure is required. A wide spectrum of known post—processing procedures can be used
for this purpose (see, e.g., [6, 13] and the references therein). Post—processed functions 7, and @y preserve
continuity of the normal components Tpn and ({y - n) along the interelement boundaries. The substitution
of T, and qj, will give a simply computable and guaranteed bound of the error. To make a sharper bound it is
necessary to minimize the right-hand side of (2.4) over T and q using T, and @ as the initial guess. Since
M% + M% is a quadratic functional, this can be done by standard procedures well tested for elliptic boundary
value problems (see [6]).

3 Advanced forms of the majorant

The conditions imposed on ¢ and T can be weakened. Below we deduce an advanced form of the majorant,
in which the Neumann conditions are to be satisfied in a weak (integral mean) sense. Let

H*(Q,Div) := {T € H(Q, Div) | {rn},, =0}

and
H*(Q, div) := {q € H(Q, div) | {g-n}y,, =0}

where {q - n} vy = TN,p |1 JFM g-ndxand [I'y,,| denotes the Lebesgue (d—1)-measure of I'y,,. Analogously,
{Tn}r, , denotes the vector valued function, which components on I'y,y are constants equal to mean values
of the components of Tn. Henceforth, we assume that g - n has a square summable trace on I'y,, and Tnis a
vector valued function square summable on I'y

Then, the right-hand side of (2.7) has a somewhat different form

J(f+Divr) -wdx+J(r—]Le(v) -B-VY): g(w)dx - J ™ -wdl

Q FN,u

Q
+ J(g + divg) ndx + j(q _KVY + BT : e(v))- Vndx - j q-nndr. (31)
Q Q FN.zp

The integrals over Q are estimates as in the previous section. For the boundary integrals, we apply the esti-
mates
J q-nndl' <Cry,lq-nlr, IVale < CrN,(,,yilllq -1y, IVnlk (3.2)
T

and

I ™ -wdr < Cry,Itnlr,, IVWio < Cr,, Ck(Q) ITnlr,, leW)lo < Cry, Cx(@)ci ITnlr,, leW)l  (3.3)

FN,u

where Cg(Q) is a constant in the respective Korn’s inequality (which establishes equivalence of |[Vw| o and
le(w)llq for the vector valued functions in Vo) and Cr,, and Cr,, are constants in the so called ‘sloshing’
inequality

Inlz < ClVnla (3.4)
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which holds for any € H*(Q) with zero mean value on a measurable part of the boundary I’ with positive
measure.
In this way, we deduce modified functionals

Mi(v, P, T) := [T - Le(v) - B- Vil + ur(Q, FD,u)cil(IIf + Divz| + Cry, CK(Q)IITnIIrN,u) (3.5)

and
Mo(v, %, ) = la- KV + BT : £W)lixr + ur(Q, Tnp)y (g + divall + Cry, la-mllr,, ). G.6)

We obtain a modified version of Theorem 2.1, where the estimate
lu-v, o - YII> <MZ(V, ¥, 7) + MA(V, P, @) (3.7)

holds for T and g in the spaces H*(Q, Div) and H*(Q, div), respectively.
As an example, we consider the domain Q = (0, d;) x (0, d2) x (0, d3), d; > 0,1 = 1, 2, 3. This example
is motivated by the fact that very often piezoelectric devices are parallelepipeds. Assume that

I'pp =TIpu=1{x3=0}U{x3 =ds}
and the Neumann parts of I" consist of the four lateral faces
Iy ={x; =0}, Iy ={x1 =di}, I3 ={x; =0}, Iy = {x; = da}.

For such a domain the Korn’s constant can be estimated.
In [10], it was proved that the constant Cy(II) for IT := (0, hq) x (0, hy) x (0, h3) and T = x; = 0is defined

by the relation
T

— — o= -1 =
C]“(H) B(hlx hZ, h3) . (€ tanh(hlé’)) s g max{hz, h3} . (3-8)
Let the sets H*(Q, Div) and H*(Q, div) be defined by the conditions
{tn};, =0, {q-n}, =0, i=1,2,3,4. (3.9)

Then, (3.2) is replaced by

d 1/2
| a-nnar<p(% . ds)(1a-niZ, +1a-ni,) ivnla

Ing
d, 2 2 \1/2 -1
+B(5di,ds)(la-mi?, +la-nl, ) IValo < Ri(@-my;'IValk.  (3:10)

Here the quantity

Ri@-w = (%, do,ds )1, + 1)+ B( %, i, d3)(1a-ni, +ig-ni, )"

can be considered as a penalty for violations of the homogeneous Neumann condition on I'y,,,. Analogously,
(3.3) is replaced by the estimate

d 1/2
| mwar < (S do. o) (1eml, + fmi, ) lewla
rN,u

d 1/2
+B(S duods )(Imnlf, + Inl?, ) lew)la < Ra(rm)ey Cr(@lewll. - G1D)

where
d 1/2 d 1/2
Ry(rn) = (5 d, s )(Ieml, + e, )+ B( S v, s )(IemlE, + mi7, )

can be viewed as a penalty for violations of the homogeneous Neumann condition on I'y y.
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By (3.10) and (3.11), we find that
Mi(v, ), T) = |t - Le(W) - B- Vipllp-1 + up(Q, FD,u)Cfl(Hf + Divr| + Cx(Q)R1(q - 11)) (3.12)

and
Mao(v, h, @) = la — KV + BT : eVt + pr(Q, In,p)y7" (I8 + dival + Ry (7m)). (3.13)

Hence, for piezoelectric bodies of the parallelepiped form we obtain the estimate
|[u -V, (P - l;b]lz < j-vvtlz(‘h '109 T) + j\7[22 (V, l,b, q) (314)

where v and 1 are approximations of the displacement and electric fields, respectively, and 7 and q (approx-
imations of the stress tensor and flux vector) must satisfy (3.9).
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